Abstract. We show how to color the tiles in a heirarchical tiling system so that the resulting system is not only repetitive (i.e., has the local isomorphism property) but has prescribed color symmetries as well.
Introduction
Let T be a repetitive tiling of R n by tiles congruent to a finite number of tile types. Here "repetitive" means that the tiling has "local-isomorphism" property in the following sense: given any patch of T occurring in any bounded region of R n , it is repeated in any other sufficiently large region. Many interesting examples of tilings are "heirarchical," in the following sense: there are precise rules using which one can pass from any given tiling T 0 by tiles congruent to the given tile types (and matching rules . . .) to a tiling T 1 with the same set of tiles on a larger scale τ , where τ is a positive real number greater than one. Furthermore, when the second tiling is superimposed on the first one, the tiles of the new tiling are unions of tiles of the older tiling. Moreover, two congruent tiles of T 1 are decomposed into tiles of T 0 in exactly the same way. This second tiling T 1 gives rise to a tiling T 2 whose tiles are similar to those of T 0 in the ratio τ 2 and so on . . . .
In this article we consider the problem of coloring the tiles of a given heirarchical and repetitive tiling which exhibits local permutation isomorphisms (definitions below) and moreover color isolation and frequencies when these are prescribed.
Definition 1 (Local (G, σ, M)-Symmetry).
Let G be a finite group acting on a finite set M: σ : G × M → M (the elements of M will be the colors). Assume that the tiles in T are colored with the elements of M. We say that the coloring of T has local (G, σ, M)-symmetry (or simply that T has (G, σ, M)-symmetry) if given g ∈ G and given a patch of the tiles of T in any bounded region, there exists R > 0 such that in any disk of radius R one can find a copy of the patch , the only change being that the coloring of is obtained from that of on applying the permutation σ (g).
Our first result is the following:
Theorem 2. Let T be a heirarchical tiling which has the local isomorphism property. Then for any (G, σ, M) there always exists a coloring of T with local (G, σ, M)-symmetry.
It should be pointed out that it suffices to prove the result taking G to be the full group of permutations of M. However, subgroups G of Aut(M) offer more interesting possibilities as we can demand color isolation and frequencies, to be explained presently.
We find it useful to assign an element of a finite group H to the relative position of a tile in a chosen higher level of the heirarchy and think of it as some sort of an "orientation." This is quite formal and is not motivated by any physical considerations. This is our definition of "relative H -orientation" (Definition 4). The absolute or "global H -orientation" (Definition 5) is the cumulative effect of applying successive relative H -orientations following through higher and higher levels of the heirarchy. The group G which acts as the permutation of the colors may be unrelated to the group H involved in the formal notion of the "H -orientation" of tiles. We can then ask for colorings of T with (G, σ, M)-symmetry in which:
(i) ("color isolation") tiles in global H -orientation h have to be colored only from specified G-stable subsets M h of M; (ii) ("frequency") among the tiles in global H -orientation h the distribution of tiles in color x to those in color y is in a given ratio which depends on the G-orbits of x and y.
(The formal definitions are given elsewhere in what follows.) Our results assert the existence of such colorings (see Theorem 10).
Terminology and Results
For simplicity, we illustrate the method of coloring in the case of tilings of R 2 with the Robinson-Penrose tilings. The reader can see that they easily generalize. We begin by recalling to the reader the construction of the said tilings briefly following [GS] . 
Robinson and Penrose Tilings
One knows that by a simple technique of cutting and gluing one can pass from Robinson tilings to Penrose tilings and vice versa. We recall the basic facts about Robinson tilings as described on p. 540 of [GS] . One first considers two triangular prototiles L A and S A as represented in Fig. 1 .
Both prototiles have black as well as white vertices and in both prototiles edges whose vertices have the same color are directed. (In the case of L A the directed edge has two black vertices while for S A the directed edge joins two white vertices.)
A tiling of type A of the plane is defined to be one for which the tiles are isometric to either L A or S A and in which colors of common vertices and the direction of common directed edges are the same (see [GS] for a proof of the existence of such tilings). In a tiling T 0 of type A one never finds two S A -triangles with a common undirected short edge. In other words, on the other side of an undirected short edge of an S A -triangle one always finds an L A -triangle (of course with the colors of the vertices matching). Thus from a tiling of type A if we delete all the short edges that join two vertices of different colors and have an L A and S A tile on either side we obtain a tiling of type B, that is, a tiling of the plane whose triangles are isometric to either L B or S B in Fig. 1 . Again common vertices have same color (white or black) and common directed edges point in the same direction.
In the tiling of type B so obtained, one never finds two S B -triangles with a common directed long edge. In other words, on the other side of a directed long edge of an S B -triangle of type B tiling one always finds an L B -triangle (with a matching directed edge). Deleting all such edges we obtain a new tiling T 1 of type τ A, that is a tiling of the plane by triangles isometric to either L τ A or S τ A of Fig. 1 . The directed long edge in this inflated tile L τ A points to the white vertex of the S B -triangle in it. It only remains to change the color of the vertices of L τ A and S τ A from white (resp. black) to black (resp. white) so that L τ A (resp. S τ A ) becomes an inflation of L A (resp. S A ). The sides of L τ A and S τ A are proportional to the corresponding sides of L A and S A in the ratio τ to 1, τ = (1 + √ 5)/2. Iterating in this manner we get a sequence of tilings T n (n = 0, 1, . . .) each of them having two prototiles L n , S n . The sides of L n and S n are proportional to those of L 0 and S 0 in the ratio τ n to 1.
Remark 3.
To illustrate the proposed colorings, we suppose that if α and β are two tiles of T 0 , then, for sufficiently large n, α and β are contained in the same tile of T n . For a generic tiling this condition is satisfied. As pointed out in 10.5.9 on p. 568 of [GS] there are exceptional tilings where the above condition is not satisfied. For such exceptional tilings the colorings of the kind proposed in this article can be obtained from another tiling where the condition is satisfied, by using the local isomorphism property [GS, 10.5.4, p. 562] .
Relative H -Orientation and Global H -Orientation of Tiles
Let H be a finite group and let p be a positive integer. Let δ p,L (resp. δ p,S ) be a fixed long (resp. short) tile of the
Definition 4. A relative H -orientation of tiles is just a function
Given H as above, we define H (δ) ∈ H for any tile δ of a T m -tiling for any integer m as follows. (We refer to H (δ) as the relative H -orientation of δ.) This tile δ is contained in a unique tile δ m+ p of the T m+ p -tiling. The relative position of δ in δ m+ p determines a unique element
is large (resp. small) and the relative position of (δ, δ m+ p ) is similar to (δ , δ p,L ) (resp. Coloring Quasicrystals with Prescribed Symmetries and Frequencies 463 (δ , δ p,S )) (if the first picture is drawn on a suitably smaller scale, it is exactly identical to the second picture). We set H (δ) = H (δ ).
Definition 5. Given a relative H -orientation as above, we say that a function H : U 0 → H (U 0 is the set of T 0 -tiles) is a global H -orientation of T 0 -tiles, if the following property holds: for any two distinct T 0 -tiles α and β, let m be an integer such that α and β belong to the same tile of T mp (here p is the integer occurring in the definition of H . We recall that our tilings are not exceptional (see Remark 3)). Consider the sequence of tiles
is the unique tile of the T i p -tiling which contains α (i−1) p (resp. β (i−1) p ). The property we want (for a global H -orientation) is that
As we show below (Proposition 7) the image of H is a subgroup H of H . The same proposition also shows that the global H -orientation H is also associated to another relative H -orientation
H restricted to the subset of long (resp. short) T 0 -tiles is onto H . We can assume without loss of generality that H = H .
Remark 6. Suppose that in some tiling T (not necessarily the Robinson-Penrose tiling) there are only finitely many congruent classes of tiles and that the tiles congruent to any particular tile occur in only finitely many oriented positions in the usual sense of rotations by angles. (For example, this is the case for the Robinson-Penrose tilings, but not for the pinwheel tiling of Radin [R1] .) Then, for an appropriately chosen finite subgroup H of the orthogonal group, a global H -orientation H in the sense of Definition 5 can be given to coincide exactly with the usual sense of orientation. However, even for the pinwheel tiling, given any finite group H and given any relative H -orientation H , there always exist global H -orientations H such that the equation in Definition 5 is satisfied. For example, fix a T 0 -tile α 0 , define H (α 0 ) = e (the unit element of H ), and for any T 0 -tile β define
where we use the same notation as in Definition 5.
The purpose of the following proposition is to allow us to replace the relative Horientation H by a new one with additional properties but whose associated global H -orientation remains the same. Let be a positive integer and let δ p,L (resp. δ p,S ) be a fixed long (resp. short) tile of the 
Proof. (i) With notation as in Definition 5, we have
Here m can be replaced by any integer as this only introduces new terms which cancel off pairwise in the middle. Hence, the last quantity on the right side also equals ( )
which is nothing but
The tile α p may be a small or large tile, but any T ( +1) p -tile δ contains a T p -tile congruent to α p (see Fig. 1 ). The proof of (iii) can be completed easily with this observation. Write = +1 and 
H (β) = gh, which proves our claim. Write B for B ( ) . From the foregoing observations, we conclude that
However, for any subset B in any group H , the left stabilizer {g ∈ H |g · B = B} is a subgroup of H and has cardinality at most equal to the cardinality of B. Thus, taking B = B ( ) we conclude that {g ∈ H |g · B = B} = b −1 . B for any b ∈ B and the latter is a subgroup of H . In particular, since the image of H is the same as H (U α p ) and
we conclude that the image of H is a subgroup of H .
(v) By the same reasoning as was used above to show
has order k it follows that B (k ) contains the identity. By the same reasoning as was used in the course of the proof of (iv) it can be shown that b
S ) be the image by H of the set of long (resp. short) tiles
S are both maximal subsets in H . Then, similar to (iii), we find that for any
H (U S,α np ). Write = + 1. By the same argument used in the course of the proof of (iv), we conclude that
). This completes the proof of (vi) for long tiles. Short tiles can be handled similarly.
Definition 8 (Color Isolation). When a global H -orientation
H by elements of a group H is given we could also consider colorings where tiles are permitted to receive only those colors allowed by their global H -orientation. More precisely let G be a finite group acting on a finite set M: σ : G × M → M. For each h ∈ H let M h be a nonempty subset of M stable under G. The coloring of T 0 is said to be color isolated if any tile in global H -orientation h has a color from M h . When color isolation is not prescribed we refer to the coloring as "mixed coloring."
Mixed Coloring in the Case G = Aut(M)
The mixed coloring in the particular case when G is the full permutation group Aut(M) of the set M of colors, is our goal in this subsection. Thus we have a finite set M = {1, . . . , k} and G = S k , the group of all permutations of {1, . . . , k}; T 0 is a given tiling of the plane as in Section 1. Let U 0 be the set of all tiles of T 0 . We want to describe a function (assignment of a color to a tile)
We do this by first definingφ: U 0 → S k and then setting, for δ ∈ U 0 , ϕ(δ) =φ(δ) · 1 (the permutationφ(δ) applied to 1).
We now begin the task of definingφ: U 0 → S k . We choose an integer p. Let δ p,L (resp. δ p,S ) be any large (resp. small) T p -tile. Now fix δ p,L and δ p,S . Let
Remark 9. Evidently, if p is large enough we can choose a function
and U L ,δ (resp. U S,δ ) stands for the set of long (resp. short) T 0 -tiles in δ. 
With these preparations we are now ready to indicate the proof of Theorem 2 ((G, σ, M)-symmetry for G = Aut(M)) stated in the Introduction.
We will now prove that the color assignment ϕ(β) =φ(β) · 1(β ∈ U 0 ) has the local (G, M)-symmetry property (see Definition 1 in the Introduction) for G = S k , M = {1, . . . , k}.
Let be a finite patch of T 0 -tiles. Let σ ∈ S k be given. We can assume that is contained in a tile δ lp of the T lp -tiling for l sufficiently large. (This is possible since T 0 is not an exceptional tiling (see Remark 3).) Let δ (l+1) p be any T (l+1) p -tile. We are going to find a T lp -tile δ lp contained in δ (l+1) p having the same tile type (i.e., large or small) as δ lp such that the color of a T 0 -tile of δ lp is related to the color of the corresponding T 0 -tile of δ lp via the permutation σ . It is clear that such a tile δ lp exists because if U l is the set of all T lp -tiles of the same tile type as δ lp contained in δ (l+1) p , by the choice of , (U l ) = S k . Therefore, the color assignment given by ϕ has the local (S k , {1, . . . , k})-symmetry property.
As we pointed out in the Introduction, in order to produce a (mixed) coloring with (G, σ, M)-symmetry it suffices trivially to handle the case when G is the full automorphism group of M. Thus we have found a coloring of the T 0 -tiles which has local (G, M)-symmetry.
Colorings with Prescribed Isolation and Frequencies
Recall Definition 8 of "color isolation." We now prove the existence of a coloring of T 0 with (G, σ, M)-symmetry with the additional requirement of color isolation.
More precisely, let H : U 0 → H be a global H -orientation of T 0 -tiles (U 0 is the set of T 0 -tiles). Let M h (h ∈ H ) be G-stable subsets of M consisting of the allowed colors for tiles in global H -orientation h. Let S be the set h∈H M h . The group G acts on S coordinatewise. Let #(S) = k. Fix a bijection of S with {1, . . . , k} and proceed as in the previous section to get a coloring ϕ of U 0 by elements of S with Aut(S)-symmetry. Let δ ∈ U 0 . Let h be the global H -orientation of δ. We define
. This is an isolated coloring of the tiles of T 0 by the colors in M and has local (G, M)-symmetry.
Finally, as we stated in the Introduction, in addition to color isolation one may also wish to see colors in certain frequencies by prescribing the desired ratios. More precisely, let M h (h ∈ H ) be G-stable subsets of M as above consisting of the allowed colors for tiles in global H -orientation h. Let C h,1 , . . . , C h,N The integer p in the statement of the theorem below is a sufficiently large multiple of the integer (with the same symbol) which appears in Definition 4 and also the one chosen as in Remark 9 after having identified (Aut(S ), (S )) with (S k , {1, . . . , k}) as above. We have already noted that the coloring has local (G, σ, M)-symmetry. The remaining part of the article is devoted to the proof of the other two assertions in the theorem.
Uniform Distribution of Colors and H-Orientations
We begin with a lemma on the group algebra of a finite group. Let S be a finite group and let R[S] be the group algebra of S over R. 
In the statement of the two lemmas which follow, part (i) can be deduced from the Perron-Frobenius theorem (see p. 53 of [Ga] , for example). This was pointed out to us by the referee for which we are thankful. For the sake of completeness we have indicated a proof and this also serves another purpose: our proof of part (ii) of either lemma requires only a slight modification of the arguments in part (i). 
Proof. (i) Let K 0 be the intersection of all the closures {b m : m ≥ n}.
with strict inequality if (a k −1/#(S)) are not all equal. By the choice of α strict inequality is not possible. Hence a k − 1/#(S) is independent of k ∈ S. However, 1/#(S) is the average of {a k : k ∈ S} as k a k = 1. Hence a k = 1/#(S); which implies a g = 1/#(S), i.e., bα = α.
Since α ∈ K 0 we can choose a subsequence (b 
We claim that a g = 1/#(S) for all g. Suppose that all the a g are not equal. Let τ = (sup(a g )) − inf(a g )). So τ > 0. Let ε be a small positive real number. We can choose an integer N >> 0 such that, for all n > N and all s ∈ S, we have Obviously it is possible to choose ε small enough such that
With such a choice of ε, we obtain
Thus if a subsequence {x n 1 , x n 2 , . . . , x n j , . . .} has limit α = a s s ∈ K 0 , then the subsequence {x 1+n 1 , x 1+n 2 , . . . , x 1+n j , . . .} has a limit γ = c s s, where However, this contradicts ( * ). This completes the proof that a s = 1/#(S) for all s. Now, the proof that lim n→+∞ x n = s (1/#(S))s can be completed as in part (i).
The aim of the next lemma is to arrive at the same conclusion as in the previous lemma about the limit of a more complicated sequence.
Lemma 12.
(i) Let E = (x i, j ) 1≤i, j≤k be a square matrix whose entries are elements of the group algebra of S over R (S is a finite group). Let (x i ) 1≤i≤k be a column vector defined by x i = 
